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Abstract

Thispaperdescribesa family of factorization-basedtechniques
for therecoveryof 3D scenestructureandcameramotionfrom
multipleuncalibratedperspectiveimagesof 3Dpointsandlines,
up to an overall projectivetransformation. The methodscan
be viewedasgeneralizationsof the Tomasi-Kanadealgorithm
from af®necamerasto fully perspectiveones,andfrom points
to lines. Theymakeno restrictiveassumptionsaboutsceneor
camerageometry, andunlikemostexistingreconstructiontech-
niquesthey do not rely on `privileged' pointsor images. All
of the availableimagedatais used,andeachfeaturein each
imageis treateduniformly. Thekey to projectivefactorization
is the recoveryof a consistentsetof projective depths (pro-
jectivescalefactors)for the imagepoints. We showhow this
canbedoneusingfundamentalmatricesandepipolesestimated
from imagemeasurements,andpresenta detailedstudyof the
performanceof thenewreconstructiontechniquesascompared
to severalexistingmethods.We alsodescribeanapproximate
structure/motionfactorizationtechniquethat givessimilar re-
sultsto SingularValueDecompositionbasedfactorization,but
runsmuchmorequickly for largeproblems.
Keywords: ProjectiveReconstruction,Multiple Images,Struc-
ture/MotionDecomposition,Matrix Factorization.

1 Intr oduction

There has beena considerableamountof progresson
scenereconstructionfrom multiple imagesin thelastfew
years,aimedat applicationsrangingfrom very precise
industrialmeasurementsystemswith several®xedcam-
eras,to approximatestructureandmotionfrom realtime
videofor activerobotnavigation.It turnsout thata prof-
itablewayto approachtheproblemis to ignoretheissues
of cameracalibrationandmetricstructureat ®rst,recon-
structingthe sceneonly up to an unknownoverall pro-
jective transformationin the®rstinstanceandonly later
addingmetric informationif this is really necessaryfor
the task [5, 10, 1]. The key resultsare that projective
reconstructionis thebestthatcanbedonewithout cam-
eracalibrationor additionalmetricinformationaboutthe
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scene,andthat it is possiblefrom at leasttwo views of
point-scenesor threeviewsof line-scenes[2, 3, 8, 6].

Howevermost currentreconstructionmethodseither
work only for the minimal numberof views (typically
two), or at very leastsingleout a few such`privileged'
views for initialization beforebootstrappingthemselves
to themulti-imagecase[5, 10, 9]. Forrobustnessandac-
curacy, thereis a needfor methodsthat uniformly take
into accountall of thedatain all of the images,without
makingrestrictivespecialassumptionsor relyingonpriv-
ilegedimagesor featuresfor bootstrapping.

Theorthographicandparaperspectivestructure/motion
factorizationmethodsof Tomasi,Kanadeand Poelman
[15, 11] partially ful®ll theserequirements,but unfortu-
natelythey apply only whenthe cameraprojectionsare
well approximatedbyaf®nemappings.Thishappensonly
for camerasviewing small, distantscenes,which is sel-
domthecasein practice.A perspectivegeneralizationof
thefactorizationmethodwouldbedesirable,butit hasnot
beenclearhow to achievethis. Theproblemis that the
unknownprojectivescalefactorsof the imagemeasure-
mentsmust be recoveredbeforefactorizationbecomes
possible.(In theaf®necasetheseareconstant,sotheycan
bedirectlyeliminatedfrom theproblem).

As partof thecurrentblossomingof interestin multi-
imagereconstruction,Shashua[13] recentlyextendedthe
well-known two-imageepipolarconstraintto a trilinear
constraintbetweenmatchingpointsin threeimages.Hart-
ley [6] showedthat this constraintalso appliesto lines
in threeimages,andFaugeras& Mourrain[4] andI [16,
17] completedthatcornerof thepuzzleby systematically
studyingtheconstraintsfor linesandpointsin anynum-
berof images.A key aspectof theviewpointpresented
in [16, 17] is thatprojectivereconstructionis essentially
amatterof recoveringacoherentsetof projectivedepths
Ð projectivescalefactorsthatrepresentthedepthinfor-
mationlost during imageprojection. Theseareexactly
themissingfactorizationscalefactorsmentionedabove.
Theysatisfya setof consistencyconditionscalled`joint
imagereconstructionequations'[16], that link themto-
gethervia thecorrespondingimagepointcoordinatesand
thevariousinter-imagematchingtensors.

In the MOVI group,we haverecentlybeendevelop-
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ingafamily of projectivestructureandmotionalgorithms
basedon this `projectivedepth'picture.In thesensethat
thesemethodsarebasedon the factorizationparadigm,
they can be viewed as generalizationsof the Tomasi-
Kanademethodfrom af®neto fully perspectiveprojec-
tions.Howevertheyalsorequireanadditionalprojective
depthrecoveryphasethatis notpresentin theaf®necase.

Thebasicreconstructionmethodfor point imageswas
introducedin a paperby PeterSturmandmyself[14]. In
thecurrentpaper, thismethodis extendedsigni®cantlyin
severaldirections,andI alsopresentadetailedassessment
of the performanceof the new methodsascomparedto
existingtechniquessuchasTomasi-Kanadefactorization
andLevenberg-Marquardt nonlinearleastsquares.Per-
hapsthemostsigni®cantresultin thepaperis theexten-
sion of the methodto work for line structureaswell as
pointstructure,but I will alsoshowhowthefactorization
canbeiteratively`polished'(with resultssimilar to non-
linearleastsquaresiteration),andhowanyfactorization-
basedmethodcanbe speededup signi®cantlyfor large
problems,by usingan approximate®xed-rankfactoriz-
ationtechniquein placeof theSingularValueDecompo-
sition.

The factorizationparadigmhasseveralattractivefea-
turesthatareonly enhancedby movingfrom theaf®neto
theprojectivecase:
1) All of the datain all of the imagesis takeninto ac-
count.
2) Thedatais treateduniformly: thereis noneedto sin-
gle out `privileged' featuresor imagesfor specialtreat-
ment.
3) Unlike iterativemethods,no initialization is required
andconvergenceis virtually guaranteedby thenatureof
thenumericalmethodsused.

Of course,factorizationalsohassomewell knowndis-
advantages:
1) Missingdatais not handledgracefully. Everyprimi-
tive mustbevisible in everyimage.This is unrealisticin
practicegivenocclusionandextractionandtrackingfail-
ures.
2) It is not possibleto incorporatea full statisticalerror
modelfor theimagedata,althoughsomesortof implicit
least-squarestrade-off is madeduringfactorization.
3) Factorizationis anopaquè blackbox'. If a point or
imageis addedor any otherminor changeis made,the
wholecalculationmustberestarted.
4) SVD-basedfactorizationis ratherslowfor largeprob-
lems.

Only thelastproblemwill beconsideredin detailhere.
If thereis missingdata,the Tomasi-Kanadèhallucina-
tion' processcanbeusedto work aroundit [15], although
Ð justasin theaf®necaseÐ thisgreatlycomplicatesthe
methodanddilutessomeof its principalbene®ts.There
doesnot seemto bean easysolutionto the errormodel

problem, beyondusing the factorizationto initialize a
nonlinearleastsquaresroutine(asis donein someof the
experimentsbelow). The `blackbox' problemdemands
anincrementalfactorizationupdatemethod.Thisis prob-
ably feasible,althoughtheredoesnot seemto beonein
thestandardnumericalalgebraliterature.

Finally, theproblemof thespeedof factorizationwill be
consideredbelow. SVD-basedfactorizationof a
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morethanthesizeof theinput data.However, theSVD
is slowbecauseit wasdesignedfor general,full rankma-
trices. For matricesof ®xedlow rank � (ashere,where
therankis 3 for theaf®nemethodor 4 for theprojective
one),approximatefactorizationscanbecomputedin time
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�

, i.e.directlyproportionalto thesizeof theinput
data.

The remainderof the paperoutlinesthe theoryof the
projectivefactorizationfor pointsandthenfor lines,de-
scribesthe ®nalalgorithm and implementation,reports
onexperimentalresultsusingsyntheticandrealdata,and
thenconcludeswith a discussion.Thefull theoryof pro-
jective depthrecoveryappliesequally to the two, three
andfour imagematchingtensors,but throughoutthispa-
perI will eschewthetensorialnotationandconcentrateon
the simplesttwo-image(fundamentalmatrix) case.The
underlyingtheoryfor thehigherdimensionalcasescanbe
foundin [16].

2 Point Reconstruction

Thissectionreviewstheproblemof recovering3D struc-
ture (point locations)andmotion (cameralocationsand
projections)from asetof � uncalibratedperspectiveim-
agesof a scenecontaining� 3D points.We will work in
homogeneouscoordinateswith respectto arbitrarypro-
jectivecoordinateframes. It is well knownthatwithout
further informationit is only possibleto reconstructthe
sceneupto anoverallprojectivetransformation[2, 8], so
thechoiceof framesis necessarilyarbitrary.

Let ��� betheunknownhomogeneouscoordinatevec-
torsof the3D points,  "! theunknown #

�%$

imagepro-
jectionmatrices,and &'! � themeasuredhomogeneousco-
ordinatevectorsof theimagepoints,where(*),+

�.-/-.-0�

�

labelspointsand 12)3+

�/-.-.-.�

� labelsimages.Eachob-
ject is de®nedonly up to anarbitrarynonzerorescaling,
e.g. �

�5476
�

� where` 4 ' denotesequalityup to scale.
Thebasicimageprojectionequationssaythat the im-

agepoints &
! � aretheprojectionsof theworld points �

� ,
up to anunknownsetof scalefactors

6
! � :

6
! �8&�! �7)9 :!;���

Thescaleschosenfor the imagepoints &
! � arearbitrary,

andthe3D structurecanonly berecoveredup to: (i) an
arbitraryindividualrescalingof eachworld point �

� and
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eachprojection ! ; (ii ) anoverall3D projectivedeforma-
tion, representedby anarbitrarynonsingular

$ ��$

trans-
formationmatrix

�

actingaccordingto � ���

�

� � ,
 !��  !

�����

. Obviously, all of thesetransformations
leavethe imageprojectionequationsinvariant,although
theymaychangetheunknownscalefactors6 ! � .

Thescalefactors6 ! � will becalledprojectivedepths.
With correctlynormalizedpointsandprojectionstheybe-
cometrueopticaldepths,i.e. trueorthogonaldistancesof
thepointsfrom thefocalplanesof thecameras

�

.
Moregenerally, anyindividualprojectivedepthcanbe

setarbitrarilybychoosingappropriatescalefactorsfor the
 :! , the ��� andthe &'! � . However, takenasa whole the
completesetof projectivedepthshasastronginternalco-
herence.Fixing onceandfor all thescalesof the image
points & ! � , theonly remainingdegreesof freedomin the

�

�

� matrix of projectivedepthsarethe �	� � arbi-
trary overall scalesof eachrow (the � projections ! )
andeachcolumn(the � worldpoints � � ). Theremaining

� ��
 � ��� �

�

degreesof freedomcontainrealinforma-
tion thatcanbeusedfor 3D reconstruction.

In fact, in [16, 17] I arguethat just asthekey to cali-
bratedstereoreconstructionis therecoveryof Euclidean
depth, the essenceof projective reconstructionis pre-
ciselytherecoveryof a coherentsetof projectivedepths
modulo overall projection and world point rescalings.
Oncethis is done,reconstructionreducesto choosinga
projectivebasisfor a certainabstractthreedimensional
`joint image'subspace,andreadingoff pointcoordinates
with respectto it.

2.1 Factorization

One consequenceof the abovescalecoherencecan be
seenby gatheringthe completesetof point projections
into a singlebig # �

�

� matrixequation:
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Noticethatwith a consistentsetof projectivedepths
6

! � ,
the # �

�

� rescaledmeasurementmatrix
�

hasrank
atmost4. Any suchmatrixcanbefactorizedinto a # �

�

$

matrix of `projections'multiplying a
$ �

� matrix of
`points'asshown,andanysuchfactorizationcorresponds

(

Forthis,theworld andimagepointsshouldbegivenaf®nenormal-
ization(`weight' componentsequalto 1) andtheprojectionsshouldbe
normalizedsothatthenormalvectorof thefocalplane(i.e.thevectorial
partof the`weight' componentrow) hasnorm1.

toasavalidprojectivereconstruction:thefreedomin fac-
torizationisexactlya

$ � $

nonsingularlineartransforma-
tion  �  

�����

, � �

�

� , whichcanberegardedasa
projectivetransformationof thereconstructed3D space.

Givenarankde®cientmatrixlike therescaledmeasure-
mentmatrix

�

, onepracticalmethodof factorizingit is
theSingularValueDecomposition[12]. Thisdecomposes
anarbitrary

� � �

matrix
�*),+.-

of rank � into a product
�/),+.-

)/0

),+21.3�1�+212465

-7+.1 , wherethecolumnsof
48-9+21

and 0

),+21

areorthonormalbasesfor theinput(co-kernel)
andoutput(range)spacesof

�:),+2-

, and
3�1�+21

is a diag-
onalmatrixof positivedecreasing̀singularvalues'.The
decompositionis uniquewhenthesingularvaluesaredis-
tinct, andit canbecomputedvery stablyandreliably in
time ���

���
	���


�

��� � � �

. Thematrix of singularvaluescan
beabsorbedinto either 0 or

4

to give a decomposition
of theprojection/pointform  � . (I absorbtheminto 0

to form  , but absorbingtheminto
4

or splitting them
betweenthetwo wouldbeequallyvalid).

TheSVD hasbeenusedby Tomasi,KanadeandPoel-
man[15, 11] for their af®ne(orthographicandparaper-
spective)reconstructiontechniques.Thecurrentapplica-
tion canbeviewedasa generalizationof thesemethods
to projectivereconstruction.Theprojectivecaseleadsto
slightly larger matrices( # �

�

� rank 4 as opposedto
;

�

�

� rank3),butis actuallysimplerthantheaf®necase
asthereis no needto subtracttranslationtermsor apply
nonlinearconstraintstoguaranteetheorthogonalityof the
projectionmatrices.

Onedisadvantageof theSVD is thefact that it is rela-
tively costlyfor largeproblems.Onewouldlike amethod
of order ����� �

�

(the sizeof the input data). The SVD
is a factorof

	���


� # �

�

�

�

slowerthanthis,which canbe
signi®cantwhentherearebothmanypointsandmanyim-
ages.Forgeneralmatricestheorderof theSVD is proba-
bly closeto optimal,but for matricesof ®xedlow rank �

onemighthopeto ®ndafactorizationin an`outputsensi-
tive' time like ���������

�

. I amnot awareof anexactfac-
torizationmethodwith thiscomplexity, but it is relatively
easyto®ndapproximatemethodsthatrunthisfast. I have
experimentedwith onesuch��� � ���

�

approximatefactor-
izationtechnique,and®ndit to bealmostasaccurateas
theSVD andsigni®cantlyfasterfor largeproblems.

Theideaof themethodis verysimple.In theory, a ba-
sisof row vectorsthatspansthematrix canbefoundby
orthogonalization.Thematrix is sweptrepeatedly, each
time eliminatingthelargestrow andorthogonalizingthe
otherswith respectto it. If the matrix really hasrank �

this will zerothe remainingrowsafter � iterations.The
eliminatedrowsform the`

4

' (row) half of the factoriz-
ation, and the ` 0 ' (column)half can be found by dot-
productingthesewith therowsof theoriginaldatamatrix.
The main practicalproblemwith this is that althoughit
chooses� signi®cantdirections,somesmallperturbation
of thesemaybeabetteroverallchoiceif thematrixis not
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exactlyof rank � . Only asmallfractionof theinput rows
(directionsin row space)areactuallysampled:if there-
mainingrowshaveasmallbutconsistentbiasalongsome
direction,this will not be takeninto accountin the®nal
factorization.

Tocounterthiswedotwothings.Firstly, insteadof just
takingthelargestremainingrow, we®ndthisandaddall
of theremainingrowsto it with signschosento increase
its magnitude.If thereis a consistentbiasin theremain-
ing rows this tendsto accumulate,andhenceto be well
representedin the®nalfactorization.Secondly, weaccu-
mulatemorethan� rowsÐ typically

;

� in practiceÐ and
then®ndthe � bestoverallonesby SVD of theresulting
nearly-orthogonalrow matrix.

Finally, in the reconstructionapplicationit turns out
thattheresultsareslightly betterif thedatamatrix is de-
composedby columns(points)ratherthanrows (image
coordinates),soweactuallyworkwith thetransposedma-
trix

�	5

.

2.2 ProjectiveDepth Recovery

Theaboveprojectivefactorizationtechniquescanonlybe
usedif aself-consistentsetof projectivedepths6�! � canbe
found. The key technicaladvancethat makesthis work
possibleis a practicalmethodfor estimatingprojective
depthsusingfundamentalmatricesandepipolesobtained
fromtheimagedata.Thefull theorycanbefoundin [16],
whichalsodescribeshowtousetrivalentandquadrivalent
matchingtensorsfor depthrecovery. HereI shalljustgive
a brief outlineof thefundamentalmatrixcase.

Theprojectionequation
6

! ��&�! ��)  :! ��� impliesthat
the
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hasrankatmost4. Hence,all of its
�����

minorsvanish.
Expandingby cofactorsin thelastcolumngiveshomoge-
neouslinearequationsin thecomponentsof

6
! �:&�! � and

6

�
� &

�
� , with coef®cientsthatare

$%� $

determinantsof
projectionmatrix rows. Theseturn out to bejust theex-
pressionsfor fundamentalmatrixandepipolecomponents
in termsof projectionmatrixcomponents[17, 4]. In par-
ticular, if ���
� and �����
����� areevenpermutationsof +

;

# ,  ��

!

denotesrow � of  
! , anddet�

�

�

denotesthedeterminant
of four 4-componentrows,wehave:
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Applying theserelationsto thethree
� �'�

determinants
built from two rowsof image
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andthreerowsof image
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Figure1: Motivation for thedepthrecoveryequation.Think of
imagevectorsasbeingembeddedin 3D space.With thecorrect
scalings,theepipoles(

(*)�+-,

(

)�( arejust thevectorsbetween
theopticalcentres,andtherescaledimagepoints.

(0/ ( and.

)1/2)

form a triangleof 3D vectorswith apex 3 . Thenormalto the
epipolarplaneis just (

(*)5476

.

(8/�(:9&;

(

)�(<476

.

)1/2)=9 , andthese
two vectorsareactuallyequalsincebothhavelengthequalto
twice the areaof theepipolartriangle. On the otherhand,the
epipolarline >

(*)?6

.

)1/5)
9 is theprojectionof theepipolarplane,
soviewedasa3D vectorit is alsonormalto theepipolarplane.
Given that it is linear in .

) / ) andvanishesfor / ) ;

(

)�( , it
turnsout to bedirectly proportionalto (

)�(@4A6

.

)B/5)B9 andwith
thecorrectscalingfor >

(*) theresultfollows.

C

gives the following basicprojective depth recovery
equation:

�

�

!
�

&
�

�

�

6

�
� ) �

$

!
�5D

&�! �

�

6
! � (1)

This identitysaystwo things:(i) Theepipolarline of &
�

�

in image1 is thesameastheline throughthecorrespond-
ing point &

! � andepipole
$

!
� (which is well known); (ii )

With thecorrectprojectivedepths,thetwotermshaveex-
actly thesamesize. Theequalityis exact,not just up to
scale.This is thenewresultthatallowsusto recoverpro-
jectivedepthsusingfundamentalmatricesandepipoles.
Analogousresultsbasedonhigherordermatchingtensors
canbefoundin [16]. Someintuitive motivationfor this
depthrecoveryequationis givenin ®g.1.

It is straightforwardto recoverprojectivedepthsusing
theaboveequation.Eachinstanceof it linearlyrelatesthe
depthsof asingle3D point in two images.By estimating
asuf®cientnumberof fundamentalmatricesandepipoles,
wecanamassa systemof homogeneouslinearequations
thatallowsthecompletesetof depthsfor agivenpoint to
befound,up to anarbitraryoverallscalefactor.

At aminimum,thiscanbedoneby selectinganysetof
� 
 + equationsthatlink the � imagesinto asinglecon-
nectedgraph.With suchanon-redundantsetof equations
thedepthsfor eachpoint ( canbefoundtrivially bychain-
ing togetherthe solutionsfor eachimage,startingfrom
somearbitraryinitial valuesuchas

6

�

��) + . Solvingthe
depthrecoveryequationin leastsquaresgivesasimplere-
cursionrelationfor

6
! � in termsof

6

�
� :

6
! �FE )

�

$

!
�GD

&�! �
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�

!
�

&
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H�$

!
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D
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If additionalfundamentalmatricesareavailable,thesys-
tembecomesredundant(andhencepotentiallymorero-
bust)anda leastsquaressolutioncanbe found. In the
limit, all � � � 
 +

�

equationscouldbeusedto ®ndthe �

unknowndepthsfor eachpoint,butthiswouldbecompu-
tationallyveryexpensive.

It is not yet clear how to choosethe best trade-off
betweeneconomyand robustness. In this paper we
will restrictourselvesto two very simplenon-redundant
choices:theimagesareeithertakenpairwisein sequence,

�

���

�

�

%

�

�/-.-/-0�

�

� �

��� , or all subsequentimages are
scaledin parallelfromthe®rstone,

�

� �

�

�

%

�

�.-/-.-/�

�

�

� . It
mightseemthatchainsof rescalingswouldprovenumer-
ically unstable,but in practicethedepthrecoverysystem
seemsto be surprisinglywell conditioned. Both of the
abovesystemswork well despitetheir non-redundancy
andchainlength/relianceon a `key' image. In fact the
two systemsgive very similar resultsexceptwhenthere
aremany( � 50) images,whenthe shorterchainsof the
parallelsystembecomemorerobust.

To usea redundantdepthrecoverysystem,oneaddi-
tional re®nementis required. In practice,fundamental
matricesandepipolescanonly berecoveredfrom theim-
agedatauptoanunknownscalefactor, sowedonotactu-
ally knowthescalefactorsin thedepthrecoveryequation
afterall. With a non-redundantsystemthis is not an is-
suebecauseprojectivedepthscanonlyberecoveredupto
anunknownoverallrescalingof eachimagein anycase:
thearbitraryrelativescalesof theestimatedfundamental
matricesandepipolescanbeabsorbedinto thearbitrary
imagescalings.However, with a redundantsystemit is
essentialto chooseaself-consistentsetof normalizations
for the fundamentalmatricesandepipoles.This canbe
doneusingthequadraticidentitiesbetweenmatchingten-
sorsdescribedin [16], but I will not describetheprocess
in detailhere.

2.3 Balancingthe Scales

A further point is that with arbitrary choicesof scale
for the fundamentalmatricesand epipoles,the average
size of the recovereddepthsmight tend to increaseor
decreaseexponentiallyduringthesolution-chainingpro-
cess.Theoreticallythisis notaproblembecausetheover-
all scalesarearbitrary, but it couldeasilymakethefactor-
izationphaseof thereconstructionalgorithmnumerically
ill-conditioned. To counterthis the recoveredmatrix of
projectivedepthsmustbebalancedafterit hasbeenbuilt,
by judiciousoverallrow andcolumnrescalings.

Theprocessis very simple.Theimagepointsarenor-
malizedon input, so ideally all of the scalefactors

6
! �

shouldbe of moreor lessthe sameorderof magnitude,
����+

�

say. For eachpoint the depthsare estimatedas
above,andthen: (i) eachrow (image)of the estimated
depthmatrix is rescaledto havelength

�

� ; (ii ) eachcol-
umn (point) of the resultingmatrix is rescaledto length

�

� . Thisprocessis repeateduntil it roughlyconverges,
whichhappensveryquickly (within 2±3iterations).

3 Line Reconstruction

Scenescontaining3D linescanalsobereconstructedus-
ing theabovetechniques.Wewill onlygiveabriefsketch
of the theoryhereasa full discussionrequiresconsider-
ationof thetrilinear three-imagematchingconstraintfor
lines[6, 13, 4, 17, 16].

A 3D line � canbede®nedby anytwo distinctpoints
lying on it, say � and � . In eachimage 1 , � projectsto
someimageline � ! and� and� projectto imagepoints� !

and � ! lying on � ! : � !

�

��! )	� , � !

�

� !�)
� . Thepoints �'! ,
1�)9+

�/-.-/-0�

� arein epipolarcorrespondenceandhence
canbeusedin theprojectivedepthrecoveryequations(1),
andsimilarly for the � 's. Of course,this is not muchuse
unlesscorresponding� 's and � 's canberecoveredin the
®rstplace.This requirespoint-to-pointcorrespondences
betweendifferentimagesof thesameline, which canbe
foundby estimatinganappropriatesubsetof thematch-
ing tensorsbetweenthevariousimages.If thescenecon-
tainsonlylines,atleastthreeimagesarerequired,butthen
thecorrespondencescanbefoundverysimplyusingone
of thethreetrilinearmatchingconstraintsbetweentheim-
ages[6, 16]. Here,we will simplify thingsfurtherby as-
sumingthatfundamentalmatricesandepipolesareavail-
ablebetweentheimages.Thesecanbeobtaineddirectly
from point matchesif thescenecontainspoints,or indi-
rectly from trivalenttensorsobtainedusingline matches.

Given any point � � on a line � � in image
C

, the corre-
spondingpoint �

! on thecorrespondingline �
! in image

�

canbefoundby intersectingtheepipolarline
�

!
����� with

�
! : �

!�4
�

!

D
�

�

!
�����

�

. Thisiswell known,butit apparently
only providesequalityup to scalewhich is not enough
for ourpurposes.However, if wetakethedepthrecovery
equation(1),applyit to therescaledimagepoints6

!
��! and
6

�
�

� , wedge-producttheresultwith ��! , expandthedouble
wedge-product,andsimplify usingthefactthat � !

�

��!�)
� ,
wehave:

�
!

D
�

�

!
�����

�

6
�3) �

!

D
�

$

!
�

D
�

!

�

6 !

)

�


 ����!

�

$

!
�

�

��!.�7����!

�

��!

�

$

!
�

�
6

!

) 
 ����!

�

$

!
�

�

��!
6

! (2)

Onceagainwe ®ndthat a well-known formula actually
givesusa little morethanwasobviousat ®rstsight. Not
only canthisequationbeusedto transferpointsbetween
lines,but whenit doesso it automaticallygivesthecor-
rectrelativeprojectivedepthsfor 3D reconstruction

�

.
It isstraightforwardto implementafactorization-based

line reconstructionalgorithmusing this. For eachline,
)

For those familiar with trivalent tensors and
tensorialnotation,the equivalenttrivalent tensorbasedrelationis just

#������������

���

�����

�
�

&� "!$#

#�������%

���

!

�

�
�

&& �' .
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two well-spreadpoints are chosenin the ®rst image.
Thesearethentransferredto theotherimagesby chaining
togetherinstancesof equation(2), beingcarefulto pre-
servethecorrectrelativescalefactors.If desired,redun-
dantequationscanbeincludedfor robustnessanda least
squaressolutioncanbefoundfor the # � coordinatesof
the � ! (

�

) +

�/-.-.-/�

� ), andsimilarly for the � ! . Thetwo
# � -coordinatevectorsfor eachof the � lines linesarecom-
binedinto a big # �

�

;

� lines rescaledmeasurementma-
trix, which is thenfactorizedasaboveto give therecon-
structed3Dpoints� and � thatde®neeachreconstructed
line.

As in thepointcase,aself-consistentnormalizationfor
thefundamentalmatricesandepipolesis requiredif (and
only if) redundantequationsareused,but it is alwaysad-
visableto balancetheresultingdepthestimates.Balanc-
ing is a little moreinvolved for lines thanfor points. It
worksdirectlywith the # �

�

;

� linesrescaledmeasurement
matrix, iteratively rescalingall coordinatesof eachim-
age(triple of rows)andall coordinatesof eachline (pair
of columns)until anapproximateequilibriumis reached.
Theoverallmeansquaresizeof eachcoordinateis ��� +

�

in eachcase.To ensurethatthetwo pointschosento rep-
resenteachline areon averagewell separated,I alsoor-
thonormalizethetwo # � -componentcolumnvectorsfor
eachline with respectto oneanother. Thedepthrecovery
equations(2) arelinearandhenceinvariantwith respect
to this,butit doesof coursechangethe3Drepresentatives

� and � recoveredfor eachline.

4 Implementation

In this sectionwe summarizethe completealgorithm
for factorization-based3D projectivereconstructionfrom
imagepointsandlines,anddiscussa few importantim-
plementationdetailsandvariantmethods.Thecomplete
algorithmgoesasfollows:

0) Extractandmatchpointandline featuresin all theim-
ages.

1) Standardizethe coordinatesin each image, as de-
scribedbelow.
2) Usethepointmatchestoestimateasetof fundamental
matricesandepipolessuf®cientto connectall of the im-
agestogether.
3) For eachpoint estimatethe projectivedepthsusing
equation(1). Build andbalancethe point-depthmatrix

6 ! � , anduseit to build the rescaledpoint measurement
matrix

�

.

4) For eachline choosetwo representativepoints and
transferthemto theotherimagesusingthetransferequa-
tions (2). Build andbalancethe rescaledline measure-
mentmatrix.
5) Combinethe line and point measurementmatrices

intoasingle# �

�

� datamatrix( � ) � points�

;

� lines), and
factorizeit usingeitherSVD or the approximate®xed-
rankmethod.
6) Recover 3D projective structure (point and line-
representativecoordinates)andmotion(projectionmatri-
ces)from thefactorization.
7) Un-standardizethe projectionmatrices,asdescribed
below.

The asymptoticcomplexityof the algorithmis domi-
natedby the ��� � �

	���


� # �

�

�

���

SVDstepif thisisused,
while if anapproximatefactorizationis usedit is propor-
tional to theinputdatasize �������

�

.

4.1 Standardization of ImageCoordinates

To getacceptableresultsfrom theabovealgorithm,it is
absolutelyessentialto work in a well-adaptedimageco-
ordinatesystem.Hartley [7] haspointedout the impor-
tanceof this for fundamentalmatrixestimation,andI can
only re-emphasizeit here. I hadoriginally advocateda
`geometrybased'standardizationschemewherepixel co-
ordinateswerestandardizedto beapproximate3D angles
by dividing by aroughestimateof thefocal lengthin pix-
els,but Hartley's `numericallybased'schemewhereall
coordinatesarestandardizedto ��� +

�

turnsouttobesome-
whatbetterandeasierto applyin practice.

In fact, a slight generalizationof Hartley's schemeis
usedhere. In eachimagea `scattermatrix' (i.e. mean
andcovariancematrix) of the point coordinatesis accu-
mulated,andthenan af®neimagetransformationis ap-
pliedthatdeformsthe`onestandarddeviation'covariance
ellipse into a unit circle centredat the origin. This en-
suresthatthestandardizedpointcoordinatesarenotonly
well-normalized,but alsowell spreadout evenif the in-
put pointshappento beclusteredin a narrowbelt across
theimage.Becauseof thestandardizationprocess,there-
coveredcameraprojectionsneedtobeun-standardizedby
multiplyingby theinversetransformationbeforetheyare
used.

4.2 Generalizations& Variants

We haveimplementedandexperimentedwith a number
of variantsof theabovealgorithm,themorepromisingof
whicharefeaturedin theexperimentsdescribedbelow.

Iterative Factorization: Thebestsetof projectivedepths
dependson the3D structure,which in turn derivesfrom
thedepths.It is possibleto improvetheestimatedrecon-
structioniterativelyby re-estimatingthedepthsfrom the
factorizationand thenre-factorizing. For points this is
simply a matterof ®ndingthe componentof the repro-
jected3D pointvectoralongeachimagevector, while for
linesthereprojectedviapointisperturbedorthogonallyto
lie on thecorrespondingimageline.
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With SVD-basedfactorizationandstandardizedimage
coordinatestheiterationturnsout to beextremelystable.
In fact a very simplereconstructionmethodfor pointsis
simply to start the SVD at somearbitrary initial depths
(saytheaf®neones6 ! � ) + ) anditerateto convergence.
This requiresno fundamentalmatricesor depthrecovery
equations,andprovesvery reliablein practice. Its only
real problemis speed:startedfar from the correctsolu-
tion,theiterationcansometimestakeasmanyasa50±100
iterationstoconverge.However, if startedfromdepthses-
timatedusingfundamentalmatrices,theiterationusually
convergeswithin a few (say2±5)cyclesandalwaysim-
provestherecoveredstructuresomewhat.

By contrast,an iteration basedon the approximate
®xed-rankfactorizationmethodturnsout to be lessreli-
able,althoughit still sometimesimprovesthereconstruc-
tion slightly.

Nonlinear Least Squares: The `linear' factorization-
basedprojectivereconstructionmethodsdescribedabove
are a suitablestartingpoint for more re®nednonlinear
least-squaresestimation. This can take accountof im-
agepointerrormodels,cameracalibrations,or Euclidean
constraints,asin thework of Hartley[5] andMohr, Bo-
ufamaandBrand[10]. Thestandardworkhorsefor such
problemsis the Levenberg-Marquardtmethod[12], so
for comparisonwith the linear methodsI have imple-
menteda simpleLevenberg-Marquardtbasedprojective
point reconstructionalgorithm. This turnsout to work
well in combinationwith either the ®xed-rankor the
SVD-basedfactorizationtechniques,andoftenproduces
a usefulamountof `polishing' at a moderatecost. If run
time is not a consideration,iterative SVD followed by
Levenberg-Marquardt is probablythemostaccurateand
reliablemethodof all.

Af®ne Factorization: I havealso implementedSVD-
based̀projective'point reconstructionbasedonanaf®ne
projection model, as in the original Tomasi-Kanade-
Poelmanwork [15, 11]

%

. This is simpler and slightly
fasterthantheprojectiveSVD-basedmethod,but in most
of thebelowexperimentsit givesratherpoorresultsbe-
causetheperspectivedistortionis usuallyquitelarge.

5 Experiments

Toquantifytheperformanceof thevariousalgorithmsdis-
cussed,I haverunavarietyof simulationsusingarti®cial
data,andalsotestedthealgorithmson severalsequences
derivedfromrealimages.Theresultsandconclusionsfor
linesaresubjectto changeasthecurrentline implemen-
tationis verypreliminary. A morethoroughstudywill be
reportedin the®nalversionof thispaper.

�

Themethodis `projective' only in thesensethatprojectiverather
thanaf®nealignmentis usedto estimate3D reconstructionerrors.

5.1 Simulations

The simulationsarebasedon trial scenesconsistingof
random3D pointsand lines in the unit cube

�


 +

�

+��

�

�


 +

�

+��

�

�


 +

�

+�� , viewedby identicalperspectivecam-
erasatuniformly spacedintervalsalongoneof a number
of trajectoriesde®nedwith respectto thescene.Thespac-
ing of theviewpointsis reducedascamerasareadded,so
thatthetotal rangeof viewpointsis constant.Thecamera
projectionis chosensothatthescenealmost®llsthenear-
estcamera.Unlessotherwisestatedthisis at2 unitsfrom
thecentreof thescene,sothefocal lengthsusedarequite
shortandperspectivedistortionis signi®cant.

Uniformly distributednoiseis addedto theimagemea-
surementsto model quantizationerror and localization
uncertainty. For eachexperimentthe mean-squareand
worst-case2D reprojectionerror andrelative3D recon-
structionerror areaccumulatedover 100 trials. The er-
rors in the estimated3D structurearefound after linear
least-squaresprojectivealignmentwith thetrueEuclidean
structure.Defaultvaluesof 10cameras,50pointsor lines,

�

+ pixel noisefor pointsand
�

�

-

;

pixel noisefor lines
shouldbeassumedunlessotherwisestated.

Fundamentalmatricesandepipolesareestimatedus-
ing the linear leastsquares(`8 point') methodwith all
the availablepoint matches,followed by a supplemen-
tary SVD to projectthe fundamentalmatricesto rank 2
and ®ndthe epipoles. In standardizedcoordinatesthis
methodperformsverywell [7], andit hasnotprovednec-
essaryto re®netheresultswith a nonlinearmethod.Un-
lessotherwisenoted,the projectivedepthsof pointsare
recoveredby chainingsequentiallythroughthe images
(i.e.

�

���

�

�

�

%

�/-.-.-/�

�

�

���

� ), but a parallelmethod(e.g.
�

���

�

�

�

%

�.-/-.-0�

�

�

� ) usually gives similar results. For
lines the choiceis moresensitiveanda parallelmethod
hasbeenused.

Most of the point-reconstructionexperimentsbelow
arebasedon a � ��� arcof camerasin theequatorialplane
of thesceneandlookingdirectlyatit, butwehavealsoex-
perimentedwith a sideways-lookingcameradriving past
thescene,a forward-lookingcameradriving directly to-
wardsit, andacircleof cameraslookingatthescenealong
a

$ �

� cone.Thepassingtrajectorygivessimilarresultsto
thearc,but slightly larger3D errors. Theapproachtra-
jectoryalwaysgivesvery poor results,asshouldbe ex-
pected: thereis no baselineso the depthsof points ly-
ing on or nearthe line of motion cannot be recovered.
Disembodiedpointsandlinesarenot suf®cientto recon-
structsuchscenes:continuityassumptionssuchasdispar-
ity gradientlimit or surfaceelementmodelsareneeded.
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Figure 2: Mean3D reconstructionerrorfor points,2D reprojectionerrorfor pointsand2D reprojectionerrorfor lines,vs. image
noise,numberof views,andnumberof sceneprimitives.Defaultnoisevaluesare

���

pixel for pointsand
����� �

pixelsfor lines.
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For line reconstructionwe haveuseda coneof cam-
erasratherthananarc.Reconstructionis intrinsically ill-
conditionedfor lineslying in theplaneof thecameracen-
tres,andif this planecutsthescenetheresultingoutliers
disturbtheexperimentalresultssigni®cantly. Thestraight
line trajectoriesareevenmoreunsuitablefor line recon-
struction,becausethe epipolarplanesof every camera
paircoincide.Any line lying closeto oneof thesecannot
bereconstructedaccurately.

In general,line reconstructionseemsmuch lesswell
conditionedthanpoint reconstruction.Evenwith aview-
ing geometrycarefullychosento avoidglobalsingulari-
ties, the imagesof lines thathappento passcloseto the
optical centreof the cameraarevery sensitiveto small
perturbations,so the reprojectionerrorsin theseimages
tendto belargeevenif the3D reconstructionis quiteac-
curate. In practice,I found it necessaryto performout-
lier suppressionontheline reprojectionerrormeasuresto
give a lessbiasedideaof theperformanceof themethod
onªtypicalº lines.

Fig.2showsthesensitivityof variouspointandline re-
constructionmethodsto imagenoise,numberof views,
andnumberof sceneprimitives(pointsor lines).

For pointsthe errorsvary linearly with noiseandare
similar for all methods.The iterativemethods(iterative
SVD and SVD followed by Levenberg-Marquardt)im-
provethe recoveredstructureslightly, but the improve-
mentis not usuallysigni®cantunlesstherearevery few
points.Therisein errorfor theSVDand®xed-rankmeth-
odswith morethan30 views is a directconsequenceof
chainingtoomanydepthrecoveryequationstogether, and
disappearsif aparallelsetof equationsisused(e.g., based
on the fundamentalmatricesrelating the ®rstimageto
eachof theothers).

For lines the error still varies roughly linearly with
noise,butthefactorizationis ratherlessstable.It isessen-
tial to usewell-placedcamerasandrelativelyshortchains
of depthrecoveryequations,andevenin this casethere
is alwaysa small proportionof outliersin the reprojec-
tion data(i.e. thereprojectionerroris oftenlargefor lines
thatpasscloseto theopticalcentreof acamera).Iteration
improvestheline reconstructionsigni®cantly. It is likely
that linesthathappento lie closeto anepipolarplaneof
oneof the imagepairsusedfor transferarea signi®cant
componentof theoverallerror, astransfercanbeveryill-
conditionedfor suchlines. If this is thecase,thesituation
couldbemuchimprovedby usingtrivalent tensorbased
transfer, or by passingthroughalesssingularsequenceof
fundamentalmatrixbasedtransfers.

To illustratethe importanceof imagecoordinatestan-
dardization,consider®g.3. In theseexperimentsthepoint
coordinatesarestandardizedtohavetypicalsize ��� scale

�

ratherthan ����+

�

, andthenreconstructionis performedas
usual.Clearly, standardizationhasanenormouseffecton
the quality of the results. Raw pixel coordinatescorre-
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Figure 3: Theeffectof imagecoordinatede-standardizationon
point reconstructionerror.

spondto a scaleof 100±200,andgive errorshundredsor
thousandsof timesworsethanwell-standardizedcoordi-
nates.The rapid increasein errorat scalesbelow0.1 is
causedby increasingtruncationerror.

Fig. 4 illustratesthe advantagesof usinga projective
reconstructionmethodratherthananaf®neone.Clearly,
for acameradriving aroundthescene,theaf®neapproxi-
mationintroducesasigni®cantamountof systematicerror
evenfor quitedistantscenes.Giventhis,it maycomeasa
surprisethattheaf®nemodelisextremelyaccurateonefor
asideways-lookingcameradrivingstraightpastthescene,
no matterhow close. This is becausewe areusingpro-
jectivealignment:wheneverall of thecamerassharethe
samefocal plane(ashere),this planecanbe mappedto
the planeat in®nityby a suitableprojectivetransforma-
tion, sothatall of thecamerasbecomeeffectivelyaf®ne
andtheaf®neapproximationis projectivelyexact

�

. Note
thatall of theprojectivemethodsarestableandaccurate
evenfor verydistantscenes.Evenin thesecases,theonly
realadvantageof theaf®nefactorizationmodelis thefact

�

More generally, for anysetof cameraswhoseopticalcentreslie in
aplane(e.g.anythreecameras,arobotwith a®xedheightheadmoving
onaplane,anaircraftatconstantaltitude,...), thereis somesetof world
andimagehomographiesthatmakestheviewinggeometryaf®ne.
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Figure 4: Point reconstructionerror vs. scenedistancefor
af®neandprojectivefactorizationmethods.For a cameradriv-
ing aroundthe scenethe af®nemodel introducesa signi®cant
amountof distortionoutto about50±100timesthesceneradius.
Howeverfor asideways-lookingcameradrivingstraightpastthe
scenetheaf®nemodelis projectivelyexactevenfor very close
approaches.

thatit is 2±4timesfasterto run.

Wehavealsorunthepoint-basedalgorithmsonseveral
point sequencesextractedfrom real images.Without the
groundtruth it is hardto beprecise,but the®nalaligned
reconstructionsseemqualitativelyaccurateandin good
agreementwith theresultsobtainedusingsyntheticdata.

6 Discussion& Conclusions

Within the limitationsof the factorizationparadigm,the
factorization-basedprojective reconstructiontechnique
for pointsseemsvery successful.The methodsstudied
haveprovedaccurate,stable,simpleto implement,and
fairly quick to run.

For lines the situationis lessclear. For non-singular
viewinggeometriesthereprojectionerrorfor themajority
of lines is small,but thereareoftena few outliersin the
data.However, asthesealwaysturn out to belineswith
nearlysingularreprojectionsthatareby naturevery sen-
sitive to small perturbations,the 3D reconstructionsare
probablybetterthanthe2D dataindicates.In anyevent,
the currentimplementationfor lines is very preliminary
andmorework is requiredto fully assessthe quality of
thereconstructionsandreducetheeffectsof theoutliers.

The ®xed-rankfactorizationmethodworks well, al-
though(asmightbeexpected)theSVD alwaysproduces
slightly moreaccurateresults.Practically, thesavingsin
run time over the SVD aremodestfor small problems,
howeverfor larger problems(saymore than50 images
and100points)theycanbecomeverysigni®cantindeed.

As far asfuturework is concerned,theimmediatepri-
ority is to improvetheline reconstructionalgorithm.Past
experiencesuggeststhat trivalent tensorbasedtransfer
will probablyprovesigni®cantlymorerobustthanthecur-
rentfundamentalmatrixbasedmethod.Pointreconstruc-
tion methodsbasedon redundantfundamentalmatrices
andon higherordermatchingtensorsalsoneedto bein-
vestigated,althoughtherelativelysmalldistancebetween
theresultsof thecurrentpoint-basedfactorizationmethod
andthoseof the `optimal' nonlinearleastsquaressolu-
tion suggeststhat thereis not muchscopefor improve-
menthere.

Somethingakin to TomasiandKanade's `datahallu-
cination' is neededto allow the methodto be testedon
real-worldproblems,althoughin thelongertermit would
bepreferableto®ndsomeless-hallucinatoryfactorization
methodfor sparsedata. To producea complete3D re-
constructionsystem,avisualfrontend(featureextraction
andmatching,robustmatchingtensorestimation,...) and
abackendcapableof handlingconstraintsoncameracal-
ibration(e.g.identicalcameras)andscenestructure(met-
ric information,alignment)wouldalsoneedto beadded.
Currently, thepreferredwayto handlesuchconstraintsis
just to pile everythinginto a big nonlinearleastsquares
optimization[5, 10].

Ultimately, more generalprojective depth basedre-
constructionmethodsarerequired,that allow imagesor
pointsto beaddedincrementallyandthatincorporatefull
statisticalerror modelsof the imagedata. Howeverat
presentit seemsunlikely thatthesewill beexplicitly fac-
torizationbased.

In summary, projectivestructureandmotioncanbere-

10



coveredfrom multipleperspectiveimagesof ascenecon-
sistingof pointsandlines,byestimatingfundamentalma-
tricesandepipolesfrom the imagedata,using theseto
rescaletheimagemeasurements,andthenfactorizingthe
resultingrescaledmeasurementmatrixusingeitherSVD
or a fastapproximatefactorizationalgorithm.
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