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Abstract

This paperdescribes family of factorization-basetechniques
for therecoveryof 3D scenestructureandcameramotionfrom
multipleuncalibrategberspectivémagesof 3D pointsandlines,
up to an overall projectivetransformation. The methodscan
be viewed as generalization®f the Tomasi-Kanadalgorithm
from af®necamerago fully perspectiveones,andfrom points
to lines. They makeno restrictiveassumptionsboutsceneor
camerggeometryandunlike mostexistingreconstructionech-
niquesthey do not rely on “privileged' pointsor images. All
of the availableimagedatais used,and eachfeaturein each
imageis treateduniformly. Thekey to projectivefactorization
is the recoveryof a consistentsetof projective depths (pro-
jective scalefactors)for the imagepoints. We showhow this
canbedoneusingfundamentainatricesandepipolesestimated
from imagemeasurementgnd presenta detailedstudy of the
performancef thenewreconstructioniechniqguegascompared
to severalexistingmethods.We alsodescribean approximate
structure/motiorfactorizationtechniquethat gives similar re-
sultsto SingularValue Decompositiorbasedactorization,but
runsmuchmorequickly for large problems.

Keywords: ProjectiveReconstructionyultiple Images Struc-
ture/MotionDecompositionMatrix Factorization.

1 Intr oduction

There has beena considerableamountof progresson
scengeconstructioirom multipleimagesdn thelastfew
years,aimedat applicationsrangingfrom very precise
industrialmeasuremergystemswith several®xedcam-
eras,to approximatestructureandmotionfrom realtime
videofor activerobotnavigation.It turnsoutthata prof-
itablewayto approachheproblemis to ignoretheissues
of camerecalibrationandmetric structureat ®rst,recon-
structingthe sceneonly up to an unknownoverall pro-
jective transformatiorin the ®rstinstanceandonly later
addingmetric informationif this is really necessaryor
thetask[5, 10, 1]. The key resultsare that projective
reconstructions the bestthat canbe donewithout cam-
eracalibrationor additionalmetricinformationaboutthe
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sceneandthatit is possiblefrom at leasttwo views of
point-scenesr threeviewsof line-scene$2, 3, 8, 6].

Howevermost currentreconstructiormethodseither
work only for the minimal numberof views (typically
two), or at very leastsingle out a few such privileged'
views for initialization beforebootstrappinghemselves
to themulti-imagecasd?5, 10, 9]. Forrobustnesandac-
curacy thereis a needfor methodsthat uniformly take
into accountall of the datain all of theimageswithout
makingrestrictivespecialssumptionsr relyingonpriv-
ilegedimagesor featuredor bootstrapping.

Theorthographi@andparaperspectivetructure/motion
factorizationmethodsof Tomasi, Kanadeand Poelman
[15, 11] partially ful®ll theserequirementsbut unfortu-
natelythey apply only whenthe cameraprojectionsare
well approximatethy af®nemappingsThishappensnly
for camerawviewing small, distantsceneswhich is sel-
domthecasein practice.A perspectivgjeneralizatiorof
thefactorizatiormethodwouldbedesirablebutit hasnot
beenclearhow to achievethis. The problemis thatthe
unknownprojectivescalefactorsof theimagemeasure-
mentsmust be recoveredbefore factorizationbecomes
possible (In theaf®necasetheseareconstantsotheycan
bedirectly eliminatedfrom the problem).

As partof the currentblossomingof interestin multi-
imagereconstructionShashu§l3] recentlyextendedhe
well-known two-imageepipolarconstraintto a trilinear
constrainbetweemmatchingpointsin threeimages Hart-
ley [6] showedthat this constraintalso appliesto lines
in threeimagesandFaugerag Mourrain[4] andl [16,
17] completedhatcornerof thepuzzleby systematically
studyingthe constraintdor linesandpointsin any num-
berof images. A key aspectof the viewpoint presented
in [16, 17] is thatprojectivereconstructions essentially
amatterof recoveringacoherensetof projectivedepths
b projectivescalefactorsthatrepresenthe depthinfor-
mationlost during imageprojection. Theseare exactly
the missingfactorizationscalefactorsmentionedabove.
They satisfya setof consistencyonditionscalled joint
imagereconstructiorequations16], thatlink themto-
gethewiathecorrespondingmagepointcoordinatesnd
thevariousinterimagematchingtensors.

In the MOVI group,we haverecentlybeendevelop-



ing afamily of projectivestructureandmotionalgorithms
basedon this “projectivedepth’picture. In the sensdhat
thesemethodsare basedon the factorizationparadigm,
they can be viewed as generalizationof the Tomasi-
Kanademethodfrom af®neto fully perspectiveprojec-
tions. Howevertheyalsorequireanadditionalprojective
depthrecoveryphasedhatis not presentn theaf®necase.
The basicreconstructioomethodfor pointimageswas
introducedn a paperby PeterSturmandmyself[14]. In
thecurrentpaperthis methods extendedigni®cantlyn

severatlirectionsandl alsopresentdetailedassessment

of the performanceof the new methodsas comparedo

existingtechniquesuchasTomasi-Kanadéactorization
and Levenbeg-Marquard nonlinearleastsquares.Per

hapsthe mostsigni®cantesultin the paperis the exten-
sion of the methodto work for line structureaswell as
pointstructureput! will alsoshowhowthefactorization
canbeiteratively “polished' (with resultssimilar to non-
linearleastsquaresteration),andhow anyfactorization-
basedmethodcan be speededip signi®cantlyfor large
problems,by using an approximate®xed-rankfactoriz-
ationtechniquen placeof the SingularValueDecompo-
sition.

The factorizationparadigmhasseveralattractivefea-
turesthatareonly enhancetby movingfrom theaf®neto
theprojectivecase:

1) All of the datain all of the imagesis takeninto ac-
count.

2) Thedatais treateduniformly: thereis no needto sin-
gle out “privileged' featuresor imagesfor specialtreat-
ment.

3) Unlike iterativemethodsno initializationis required
andconvegenceis virtually guaranteedby the natureof
thenumericalmethodused.

Of coursefactorizationalsohassomewell knowndis-
advantages:
1) Missingdatais not handledgracefully Every primi-
tive mustbevisiblein everyimage.Thisis unrealisticin
practicegivenocclusionandextractionandtrackingfail-
ures.

2) It is not possibleto incorporatea full statisticalerror
modelfor theimagedata,althoughsomesortof implicit
least-squaresade-of is madeduringfactorization.
3) Factorizationis anopaque blackbox'. If apointor
imageis addedor any otherminor changeis made,the
whole calculationmustberestarted.
4) SVD-basedactorizationis ratherslowfor largeprob-
lems.

Only thelastproblemwill beconsideredhn detailhere.
If thereis missingdata,the Tomasi-Kanadéhallucina-
tion' processanbeusedto work aroundt [15], although
b justasin theaf®necaseb thisgreatlycomplicateshe
methodanddilutessomeof its principalbene®tsThere
doesnot seemto be an easysolutionto the error model

problem, beyondusing the factorizationto initialize a
nonlineareastsquaresoutine(asis donein someof the
experimentdelow). The “blackbox' problemdemands
anincrementafactorizatiorupdatemethod.Thisis prob-
ably feasible,althoughtheredoesnot seemto be onein
thestandarchumericalalgebrditerature.

Finally, theproblemof thespeeaf factorizationwill be
consideredbelow SVD-basedactorizatiorof a data
matrixtakegime , Whichis
morethanthe sizeof theinput data. However the SVD
is slowbecausé wasdesignedor generalfull rankma-
trices. For matricesof ®xedlow rank (ashere,where
therankis 3 for the af®nemethodor 4 for the projective
one),approximatdactorizationsanbecomputedn time

, i.e.directly proportionako thesizeof theinput
data.

The remainderof the paperoutlinesthe theoryof the
projectivefactorizationfor pointsandthenfor lines, de-
scribesthe ®nalalgorithm and implementationyeports
onexperimentatesultsusingsyntheticandrealdata,and
thenconcludesith adiscussionThefull theoryof pro-
jective depthrecoveryappliesequallyto the two, three
andfour imagematchingtensorsputthroughouthis pa-
perl will eschevihetensoriahotationandconcentraten
the simplesttwo-image(fundamentamatrix) case. The
underlyingtheoryfor thehigherdimensionataseganbe
foundin [16].

2 Point Reconstruction

This sectionreviewstheproblemof recovering3D struc-
ture (point locations)and motion (cameraocationsand
projections¥romasetof uncalibrategerspectivém-
agesof ascenecontaining 3D points. We will work in
homogeneousoordinateswith respecto arbitrary pro-
jective coordinateframes. It is well known thatwithout
furtherinformationit is only possibleto reconstructhe
sceneupto anoverallprojectivetransformatiorj2, 8], so
thechoiceof framesis necessarilarbitrary

Let  betheunknownhomogeneousoordinatevec-
torsof the3D points, theunknown imagepro-
jectionmatricesand  themeasurethomogeneouso-
ordinatevectorsof theimagepoints,where
labelspointsand labelsimages.Eachob-
jectis de®nednly up to anarbitrarynonzerorescaling,
e.g. where® ' denotesqualityupto scale.

The basicimageprojectionequationssaythatthe im-
agepoints  aretheprojectionsf theworld points
up to anunknownsetof scalefactors

Thescaleschoserfor theimagepoints  arearbitrary
andthe 3D structurecanonly berecoveredup to: (i) an
arbitraryindividual rescalingof eachworld point  and



eachprojection ; (ii) anoverall3D projectivedeforma-
tion, representetly anarbitrarynonsingular trans-
formationmatrix  actingaccordingto ,

. Obviously all of thesetransformations
leavetheimageprojectionequationsnvariant,although
theymaychangehe unknownscalefactors

Thescalefactors  will becalledprojective depths
With correctlynormalizedointsandprojectiongheybe-
cometrueopticaldepthsj.e. trueorthogonabistance®f
the pointsfrom thefocal planesof the cameras.

More generallyanyindividual projectivedepthcanbe
setarbitrarilyby choosingappropriatescalefactorsfor the

, the andthe . However takenasa wholethe
completesetof projectivedepthshasa stronginternalco-
herence.Fixing onceandfor all the scalesof theimage
points , theonly remainingdegree®f freedomin the

matrix of projectivedepthsarethe arbi-
trary overall scalesof eachrow (the  projections )
andeachcolumn(the worldpoints ). Theremaining
degree®sf freedomcontainrealinforma-
tion thatcanbeusedfor 3D reconstruction.

In fact,in [16, 17] | arguethatjust asthe key to cali-
bratedstereareconstructions the recoveryof Euclidean
depth, the essenceof projective reconstructionis pre-
ciselytherecoveryof a coherensetof projectivedepths
modulo overall projection and world point rescalings.
Oncethis is done,reconstructiomeduceso choosinga
projectivebasisfor a certainabstractthreedimensional
“jointimage'subspaceandreadingoff pointcoordinates
with respecto it.

2.1 Factorization

One consequencef the abovescalecoherencecan be
seenby gatheringthe completesetof point projections
into a singlebig matrix equation:

Noticethatwith a consistensetof projectivedepths
the rescaledmeasuiementmatrix hasrank
atmost4. Any suchmatrix canbefactorizedinto a

matrix of “projections'multiplying a matrix of
“points'asshown,andanysuchfactorizationcorresponds

Forthis,theworld andimagepointsshouldbegivenaf®nenormal-
ization ("weight' componentgqualto 1) andthe projectionsshouldbe
normalizedsothatthenormalvectorof thefocal plane(i.e. thevectorial
partof the ‘weight' componentow) hasnorm1.

toasavalid projectivereconstructionthefreedomin fac-
torizationis exactlya nonsingulafineartransforma-
tion , , Whichcanberegardedsa
projectivetransformatiorof thereconstructe®D space.

Givenarankde®cienmatrixlike therescaleaneasure-
mentmatrix , onepracticalmethodof factorizingit is
theSingularvValueDecompositioil2]. Thisdecomposes
anarbitrary matrix of rank into a product

, Wherethe columnsof
and areorthonormabasedor theinput (co-kernel)
andoutput(range)spaceof , and is adiag-
onalmatrix of positivedecreasingsingularvalues'. The
decompositioms uniqguewhenthesingularvaluesaredis-
tinct, andit canbe computedvery stablyandreliably in
time . Thematrix of singularvaluescan
be absorbednto either or to give adecomposition
of the projection/poinform . (I absorltheminto
to form , butabsorbingheminto  or splitting them
betweerthetwo would be equallyvalid).

The SVD hasbeenusedby Tomasi,KanadeandPoel-
man[15, 11] for their af®ne(orthographicand paraper
spectiveyeconstructiortechniquesThecurrentapplica-
tion canbe viewedasa generalizatiorof thesemethods
to projectivereconstructionThe projectivecaseleadsto
slightly larger matrices( rank 4 asopposedo

rank3), butis actuallysimplerthantheaf®necase
asthereis no needto subtractiranslationtermsor apply
nonlinearconstraint$o guarante¢heorthogonalityof the
projectionmatrices.

Onedisadvantagef the SVD is thefactthatit is rela-
tively costlyfor largeproblems.Onewouldlike amethod
of order (the sizeof theinput data). The SVD
is afactorof slowerthanthis, which canbe
signi®cantvhentherearebothmanypointsandmanyim-
ages.Forgeneramatricegheorderof theSVD is proba-
bly closeto optimal,but for matricesof ®xedlow rank
onemighthopeto ®ndafactorizationin an outputsensi-
tive' time like . | amnotawareof anexactfac-
torizationmethodwith thiscomplexity butit is relatively
easyto ®ndapproximatenethodghatrunthisfast.| have
experimentedvith onesuch approximatdactor
izationtechnigueand®ndit to be almostasaccurateas
the SVD andsigni®cantlyfasterfor large problems.

Theideaof themethodis very simple.In theory a ba-
sis of row vectorsthat spanghe matrix canbe found by
orthogonalization.The matrix is sweptrepeatedlyeach
time eliminatingthe largestrow andorthogonalizinghe
otherswith respecto it. If the matrix really hasrank
this will zerothe remainingrows after iterations. The
eliminatedrowsformthe™ ' (row) half of the factoriz-
ation,andthe™ ' (column)half can be found by dot-
productinghesewith therowsof theoriginaldatamatrix.
The main practicalproblemwith this is that althoughit
chooses signi®cantlirections,somesmallperturbation
of thesemaybeabetteroverallchoiceif thematrixis not



exactlyof rank . Only asmallfractionof theinputrows
(directionsin row space)reactuallysampled:if there-
mainingrowshaveasmallbutconsistenbiasalongsome
direction,this will not be takeninto accountin the ®nal
factorization.

To countetthiswe dotwo things. Firstly, insteadf just
takingthelargestremainingrow, we ®ndthis andaddall
of theremainingrowsto it with signschoserto increase
its magnitude.lf thereis a consistenbiasin theremain-
ing rows this tendsto accumulateandhenceto be well
representedh the®nalfactorization.Secondlywe accu-
mulatemorethan rowsb typically inpracticeb and
then®ndthe bestoverallonesby SVD of theresulting
nearly-orthogonalow matrix.

Finally, in the reconstructiorapplicationit turns out
thattheresultsareslightly betterif the datamatrixis de-
composedyy columns(points) ratherthanrows (image
coordinates)oweactuallyworkwith thetransposetha-
trix

2.2 Projective Depth Recovery

Theaboveprojectivefactorizatiortechniquesanonly be
usedf aself-consistengetof projectivedepths  canbe
found. The key technicaladvancehat makesthis work
possibleis a practicalmethodfor estimatingprojective
depthausingfundamentamatricesandepipolesobtained
fromtheimagedata. Thefull theorycanbefoundin [16],
whichalsodescribesiowto usetrivalentandquadrivalent
matchingensordor depthrecovery Herel shalljustgive
abrief outlineof thefundamentainatrix case.

Theprojectionequation impliesthat
the matrix

hasrankat most4. Hence all of its minorsvanish.
Expandindoy cofactorsn thelastcolumngiveshomoge-
neouslinearequationsn the componentsf and

, with coef®cientghatare determinant®f
projectionmatrix rows. Theseturn outto be justthe ex-
pressiongor fundamentamatrixandepipolecomponents
in termsof projectionmatrix component§l7, 4]. In par
ticular, if and areevenpermutationef
denotesow of ,anddet denoteghedeterminant
of four 4-componentows,we have:

det

det

Applying theserelationsto thethree determinants
built from two rows of image andthreerows of image

Figure 1. Mativationfor thedepthrecoveryequation.Think of
imagevectorsasbeingembeddedh 3D space With thecorrect
scalingstheepipoles arejustthevectorsbetween

theopticalcentresandtherescaledmagepoints and
form atriangleof 3D vectorswith apex . Thenormalto the
epipolarplaneis just , andthese

two vectorsare actually equalsinceboth havelengthequalto
twice the areaof the epipolartriangle. On the otherhand,the
epipolarine is the projectionof theepipolarplane,
soviewedasa 3D vectorit is alsonormalto theepipolarplane.
Giventhatit is linearin andvanishedor , it
turnsout to be directly proportionalto andwith
thecorrectscalingfor theresultfollows.

gives the following basicprojective depth recovery
equation:

@)

Thisidentity saystwo things: (i) Theepipolarline of
inimage isthesameastheline throughthecorrespond-
ing point  andepipole (whichis well known); (ii)
With thecorrectprojectivedepthsthetwotermshaveex-
actly the samesize The equalityis exact,notjustupto
scale.Thisis thenewresultthatallowsusto recoverpro-
jective depthsusing fundamentamatricesand epipoles.
Analogougesultshasednhigherordermatchingensors
canbefoundin [16]. Someintuitive motivationfor this
depthrecoveryequationis givenin ®g.1.

It is straightforwardo recoverprojectivedepthsusing
theaboveequation Eachinstanceof it linearlyrelateshe
depthsof asingle3D pointin two images.By estimating
asuf®ciennumberof fundamentamatricesandepipoles,
we canamass systemof homogeneouknearequations
thatallowsthecompletesetof depthgor agivenpointto
befound,upto anarbitraryoverallscalefactor

At aminimum,this canbedoneby selectingany setof

equationghatlink the imagesnto asinglecon-
nectedgraph.With suchanon-redundargetof equations
thedepthdor eachpoint canbefoundtrivially by chain-
ing togetherthe solutionsfor eachimage, startingfrom
somearbitraryinitial valuesuchas . Solvingthe
depthrecoveryequatiorin leastsquaregivesasimplere-
cursionrelationfor in termsof




If additionalfundamentaimatricesareavailable the sys-
tem becomesedundan{andhencepotentiallymorero-
bust)and a leastsquaressolutioncanbe found. In the
limit, all equationgouldbeusedto ®ndthe
unknowndepthdor eachpoint, butthiswould becompu-
tationallyvery expensive.

It is not yet clear how to choosethe besttrade-of
betweeneconomyand robustness. In this paperwe
will restrictourselvedo two very simplenon-redundant
choicestheimagesareeithertakenpairwisein sequence,

, or all subsequenimages are
scaledn paralleffromthe®rstone, Lt
mightseenthatchainsof rescalingsvould provenumer
ically unstableputin practicethe depthrecoverysystem
seemdo be surprisinglywell conditioned. Both of the
abovesystemswork well despitetheir non-redundancy
andchainlength/relianceon a “key' image. In fact the
two systemggive very similar resultsexceptwhenthere
aremany( 50) images,whenthe shorterchainsof the
parallelsystembecomemorerobust.

To usea redundandepthrecoverysystem,one addi-
tional re®nements required. In practice,fundamental
matricesandepipolescanonly berecoveredrom theim-
agedataupto anunknownscalefactor, sowe donotactu-
ally knowthescalefactorsin thedepthrecoveryequation
afterall. With a non-redundansystemthis is notanis-
suebecaus@rojectivedepthscanonly berecoveredipto
anunknownoverallrescalingof eachimagein anycase:
thearbitraryrelativescalesof the estimatedundamental
matricesand epipolescanbe absorbednto the arbitrary
imagescalings. However with a redundansystemit is
essentiato choosea self-consistergetof normalizations
for the fundamentamatricesand epipoles. This canbe
doneusingthequadratiddentitiesbetweematchingten-
sorsdescribedn [16], butl will notdescribeheprocess
in detailhere.

2.3 Balancingthe Scales

A further point is that with arbitrary choicesof scale
for the fundamentaimatricesand epipoles,the average
size of the recovereddepthsmight tend to increaseor
decreasexponentiallyduring the solution-chainingpro-
cess.Theoreticallythisis notaproblembecaus¢heover
all scalesarearbitrary butit couldeasilymakethefactor
izationphaseof thereconstructiomlgorithmnumerically
ill-conditioned. To counterthis the recoverednatrix of
projectivedepthamustbebalancedfterit hasbeenbuilt,
by judiciousoverallrow andcolumnrescalings.
Theprocesss very simple. Theimagepointsarenor-
malizedon input, soideally all of the scalefactors
shouldbe of moreor lessthe sameorderof magnitude,
say For eachpoint the depthsare estimatedas
above,andthen: (i) eachrow (image)of the estimated
depthmatrix is rescaledo havelength ~; (ii) eachcol-
umn (point) of the resultingmatrix is rescaledo length

~ . This processs repeatedintil it roughlyconvepes,
which happenwery quickly (within 2+ 3iterations).

3 Line Reconstruction

Scenegontaining3D linescanalsobereconstructeds-
ing theabovetechniquesWewill only giveabriefsketch
of thetheoryhereasa full discussiorrequiresconsider
ationof thetrilinear three-imagematchingconstraintor
lines[6, 13, 4, 17, 16].

A 3Dline canbede®nedy anytwo distinctpoints
lying onit, say and . In eachimage , projectsto
someamageline and and projecttoimagepoints
and lyingon : , . Thepoints ,

arein epipolarcorrespondencandhence
canbeusedn theprojectivedepthrecoveryequationgl),
andsimilarly for the 's. Of coursethisis not muchuse
unlesscorresponding 'sand 's canberecoveredn the
®rstplace. This requirespoint-to-pointcorrespondences
betweerdifferentimagesof the sameline, which canbe
found by estimatingan appropriatesubseif the match-
ing tensordetweerthevariousimages.If thescenecon-
tainsonlylines,atleasthreeimagesarerequiredbutthen
thecorrespondencesnbefoundvery simply usingone
of thethreetrilinearmatchingconstraintbetweertheim-
aged6, 16]. Here,we will simplify thingsfurtherby as-
sumingthatfundamentamatricesandepipolesareavail-
ablebetweertheimages.Thesecanbe obtaineddirectly
from point matchesf the scenecontainspoints,or indi-
rectly from trivalenttensorsobtainedusingline matches.

Givenanypoint onaline inimage , thecorre-
spondingpoint  onthecorrespondindine in image
canbefound by intersectinghe epipolarline with

. Thisiswell known,butit apparently
only providesequality up to scalewhich is not enough
for our purposesHowever if we takethedepthrecovery
equatior(1), applyit totherescaledmagepoints and

, wedge-produdheresultwith , expandhedouble
wedge-producandsimplify usingthefactthat ,
we have:

)

Onceagainwe ®ndthat a well-known formula actually
givesusalittle morethanwasobviousat ®rstsight. Not
only canthis equatiorbe usedto transferpointsbetween
lines,butwhenit doessoit automaticallygivesthe cor-
rectrelativeprojectivedepthsfor 3D reconstruction.

It is straightforwardo implementafactorization-based
line reconstructioralgorithmusingthis. For eachline,

For those familiar ~ with  trivalent tensors and
tensorialnotation,the equivalenttrivalent tensorbasedrelationis just



two well-spreadpoints are chosenin the ®rstimage.
Thesearethentransferredo theotherimagesy chaining
togetherinstancesf equation(2), being carefulto pre-
servethe correctrelativescalefactors. If desiredyredun-
dantequationsanbeincludedfor robustnesandaleast
squaresolutioncanbefoundfor the  coordinate®of
the ( ), andsimilarly for the . Thetwo

-coordinatevectorsfor eachofthe jineslinesarecom-
binedinto a big lines rescaledneasuremenna-
trix, whichis thenfactorizedasaboveto give the recon-
structedBD points and thatde®neachreconstructed
line.

Asin thepointcaseaself-consistemiormalizatiorfor
thefundamentamatricesandepipoless requiredif (and
only if) redundanequationsreused butit is alwaysad-
visableto balancethe resultingdepthestimates Balanc-
ing is a little moreinvolvedfor linesthanfor points. It
worksdirectlywith the inesfescaledneasurement
matrix, iteratively rescalingall coordinatesof eachim-
age(triple of rows)andall coordinate®f eachline (pair
of columns)until anapproximate=quilibriumis reached.
The overallmeansquaresizeof eachcoordinatds
in eachcase.To ensurghatthetwo pointschoserto rep-
resenteachline areon averagevell separated, alsoor-
thonormalizg¢hetwo  -componentolumnvectorsfor
eachline with respecto oneanother Thedepthrecovery
equationg?) arelinearandhenceinvariantwith respect
tothis,butit doesof coursechangehe3D representatives

and recoveredor eachline.

4 Implementation

In this sectionwe summarizethe completealgorithm
for factorization-base8D projectivereconstructiorirom
imagepointsandlines, anddiscussa few importantim-
plementatiordetailsandvariantmethods.The complete
algorithmgoesasfollows:

0) Extractandmatchpointandline featuresn all theim-
ages.

1) Standardizethe coordinatesin eachimage, as de-
scribedbelow

2) Usethepointmatchego estimateasetof fundamental
matricesandepipolessuf®cientto connectall of theim-
agegogether

3) For eachpoint estimatethe projective depthsusing
equation(1). Build andbalancethe point-depthmatrix

, anduseit to build the rescaledpboint measurement
matrix
4) For eachline choosetwo representativgoints and
transferthemto the otherimagesusingthetransferequa-
tions (2). Build andbalancethe rescaledine measure-
mentmatrix.

5) Combinethe line and point measuremeninatrices

intoasingle datamatrix( points lines), and
factorizeit usingeither SVD or the approximate®xed-
rankmethod.

6) Recover3D projective structure (point and line-
representativeoordinatesandmotion(projectionmatri-
ces)from thefactorization.

7) Un-standardizéhe projectionmatrices,asdescribed
below

The asymptoticcomplexity of the algorithmis domi-
natedbythe SVD stepif thisisused,
while if anapproximatdactorizationis usedit is propor
tionalto theinput datasize

4.1 Standardization of Image Coordinates

To getacceptableesultsfrom the abovealgorithm,it is

absolutelyessentiato work in a well-adaptedmageco-

ordinatesystem. Hartley [7] haspointedout the impor-

tanceof this for fundamentamatrix estimationandl can
only re-emphasizé here. | hadoriginally advocatech
‘geometnbased'standardizatioschemeavherepixel co-

ordinatesverestandardizetb beapproximate8D angles
by dividing by aroughestimateof thefocallengthin pix-

els, but Hartley's “numericallybased'schemewhereall

coordinatesirestandardizetb turnsoutto besome-
whatbetterandeasierto applyin practice.

In fact, a slight generalizatiorof Hartley's schemds
usedhere. In eachimagea “scattermatrix' (i.e. mean
andcovariancematrix) of the point coordinatess accu-
mulated,andthenan af®neimagetransformatioris ap-
pliedthatdeformghe onestandardieviation'covariance
ellipseinto a unit circle centredat the origin. This en-
sureshatthe standardizegointcoordinategrenotonly
well-normalized but alsowell spreadout evenif thein-
put pointshapperto be clusteredn a narrowbelt across
theimage.Becaus®f thestandardizatioprocessthere-
covereccamergrojectionieedo beun-standardizeby
multiplying by theinversetransformatiorbeforetheyare
used.

4.2 Generalizations& Variants

We haveimplementedand experimentedvith a number
of variantsof theabovealgorithm,themorepromisingof
which arefeaturedn the experimentslescribedelow

Iterative Factorization: Thebestsetof projectivedepths
dependnthe 3D structurewhichin turn derivesfrom

thedepths.lt is possibleto improvethe estimatedecon-
structioniteratively by re-estimatinghe depthsfrom the

factorizationand thenre-factorizing. For pointsthis is

simply a matterof ®ndingthe componenbf the repro-
jected3D pointvectoralongeachimagevectort, while for

linesthereprojectedia pointis perturbedrthogonallyto

lie onthecorrespondingmageline.



With SVD-basedactorizationandstandardizedmage
coordinatesheiterationturnsout to be extremelystable.
In facta very simplereconstructiormethodfor pointsis
simply to startthe SVD at somearbitraryinitial depths
(saytheaf®neones ) anditerateto convegence.
Thisrequiresno fundamentamatricesor depthrecovery
equationsandprovesvery reliablein practice. Its only
real problemis speed:startedfar from the correctsolu-
tion, theiterationcansometimesakeasmanyasa50+100
iterationgo convege. Howeverif startedromdepthses-
timatedusingfundamentamatricestheiterationusually
convepgeswithin a few (say2+5)cyclesandalwaysim-
provestherecoveredtructuresomewhat.

By contrast,an iteration basedon the approximate
®xed-ranKactorizationmethodturnsout to be lessreli-
able,althoughit still sometimesmprovesthereconstruc-
tion slightly.

Nonlinear Least Squares: The “linear factorization-
basedorojectivereconstructioomethodslescribedbove
are a suitablestarting point for more re®nednonlinear
least-squaresstimation. This can take accountof im-

agepointerrormodelscameracalibrationspr Euclidean
constraintsasin the work of Hartley[5] andMohr, Bo-

ufamaandBrand[10]. Thestandardvorkhorsefor such
problemsis the Levenbeg-Marquardtmethod[12], so

for comparisonwith the linear methodsl haveimple-

menteda simple Levenbeg-Marquardtbasedprojective
point reconstructioralgorithm. This turns out to work

well in combinationwith either the ®xed-rankor the

SVD-basedactorizationtechniqguesandoften produces
a usefulamountof “polishing' ata moderatecost. If run

time is not a considerationjterative SVD followed by

Levenbeg-Marquard is probablythe mostaccurateand

reliablemethodof all.

Af®ne Factorization: | havealso implementedSVD-
basedprojective'pointreconstructiofasednanaf®ne
projection model, as in the original Tomasi-Kanade-
Poelmanwork [15, 11] . This is simpler and slightly
fasterthantheprojectiveSVD-basednethod butin most
of the below experimentst givesratherpoorresultsbe-
causeheperspectivalistortionis usuallyquitelarge.

5 Experiments

To quantifytheperformancef thevariousalgorithmddis-
cussed| haverunavarietyof simulationausingarti®cial
data,andalsotestedthe algorithmson severakequences
derivedfromrealimages.Theresultsandconclusiongor
linesaresubjectto changeasthe currentline implemen-
tationis very preliminary A morethoroughstudywill be
reportedn the®nalversionof this paper

The methodis “projective’ only in the sensehat projectiverather
thanaf®nealignments usedto estimate3D reconstructiorerrors.

5.1 Simulations

The simulationsare basedon trial scenesconsistingof
random3D pointsandlines in the unit cube

, viewedby identical perspectivecam-
erasat uniformly spacedntervalsalongoneof anumber
of trajectoriesle®nedvith respectothescene Thespac-
ing of theviewpointsis reducecascamerasreaddedso
thatthetotal rangeof viewpointsis constantThecamera
projectionis chosersothatthescenealmosi®llsthenear
estcameraUnlessotherwisestatedhisis at 2 unitsfrom
thecentreof thescenesothefocallengthsusedarequite
shortandperspectivalistortionis signi®cant.

Uniformly distributednoiseis addedo theimagemea-
surementdo model quantizationerror and localization
uncertainty For eachexperimentthe mean-squarand
worst-case2D reprojectionerror andrelative 3D recon-
structionerror are accumulateaver 100 trials. The er
rorsin the estimated3D structurearefound after linear
least-squargojectivealignmentith thetrueEuclidean
structure Defaultvaluesof 10camerass0pointsorlines,

pixel noisefor pointsand pixel noisefor lines
shouldbeassumedinlessotherwisestated.

Fundamentaimatricesand epipolesare estimatedus-
ing the linear leastsquareq 8 point) methodwith all
the availablepoint matches followed by a supplemen-
tary SVD to projectthe fundamentamatricesto rank 2
and ®ndthe epipoles. In standardizedoordinateghis
methodperformsverywell [7], andit hasnotprovednec-
essanyto re®neheresultswith a nonlinearmethod.Un-
lessotherwisenoted,the projectivedepthsof pointsare
recoveredby chainingsequentiallythroughthe images
(i.e. ), but a parallelmethod(e.g.

) usually gives similar results. For
lines the choiceis more sensitiveanda parallelmethod
hasbeenused.

Most of the point-reconstructiorexperimentsbelow
arebasedna arcof camerasn the equatoriaplane
of thesceneandlookingdirectlyatit, butwehavealsoex-
perimentedvith a sideways-lookingameradriving past
the scene a forward-lookingcameradriving directly to-
wardsit, andacircle of camerasookingatthescenelong
a  cone.Thepassindrajectorygivessimilarresultsto
thearc, but slightly larger 3D errors. The approachtra-
jectory alwaysgivesvery poor results,asshouldbe ex-
pected: thereis no baselineso the depthsof pointsly-
ing on or nearthe line of motion can not be recovered.
Disembodiegointsandlinesarenot suf®cientto recon-
structsuchscenescontinuityassumptionsuchasdispar
ity gradientimit or surfaceelementmodelsareneeded.
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Figure 2: Mean3D reconstructiorerrorfor points,2D reprojectiorerrorfor pointsand2D reprojectionerrorfor lines,vs. image

noise,numberof views,andnumberof sceneprimitives. Defaultnoisevaluesare

pixelsfor lines.

pixel for pointsand



For line reconstructiorwe haveuseda coneof cam-
erasratherthananarc. Reconstructiors intrinsicallyill-
conditionedor lineslying in theplaneof thecameracen-
tres,andif this planecutsthe scengheresultingoutliers
disturbtheexperimentatesultssigni®cantly Thestraight
line trajectoriesareevenmoreunsuitabléefor line recon-
struction, becausehe epipolarplanesof every camera
paircoincide.Any line lying closeto oneof thesecannot
bereconstructedccurately

In general,line reconstructiorseemsmuch lesswell
conditionedhanpointreconstructionEvenwith aview-
ing geometrycarefully choserto avoid global singulari-
ties, theimagesof linesthathapperto passcloseto the
optical centreof the cameraare very sensitiveto small
perturbationsso the reprojectionerrorsin theseimages
tendto belarge evenif the3D reconstructions quiteac-
curate. In practice,| foundit necessaryo performout-
lier suppressioontheline reprojectiorerrormeasurefo
give alessbiaseddeaof the performancef the method
on?2typical® lines.

Fig. 2 showshesensitivityof variouspointandline re-
constructiormethodsto imagenoise,numberof views,
andnumberof sceneprimitives (pointsor lines).

For pointsthe errorsvary linearly with noiseandare
similar for all methods.The iterativemethodditerative
SVD and SVD followed by Levenbeg-Marquardt)im-
provethe recoveredstructureslightly, but the improve-
mentis not usuallysigni®canunlesstherearevery few
points. Therisein errorfor theSVD and®xed-rankneth-
odswith morethan30 views s a directconsequencef
chainingtoomanydepthrecoveryequationsogetherand
disappears aparallelsetof equationss usede.g, based
on the fundamentamatricesrelating the ®rstimageto
eachof theothers).

For lines the error still variesroughly linearly with
noise butthefactorizations ratheressstable.It isessen-
tial to usewell-placedcamerasindrelativelyshortchains
of depthrecoveryequationsandevenin this casethere
is alwaysa small proportionof outliersin the reprojec-
tion data(i.e.thereprojectiorerroris oftenlargefor lines
thatpas<closeto theopticalcentreof acamera)lteration
improvestheline reconstructiorsigni®cantly It is likely
thatlinesthathapperto lie closeto anepipolarplaneof
oneof theimagepairsusedfor transferarea signi®cant
componenbf theoverallerror, astransfercanbeveryill-
conditionedor suchlines. If thisis thecasethesituation
couldbe muchimprovedby usingtrivalenttensorbased
transferor by passinghroughalesssingularsequencef
fundamentamatrix basedransfers.

To illustratethe importanceof imagecoordinatestan-
dardizationconside®g.3. In theseexperimentshepoint
coordinatesirestandardizetb havetypicalsize scale
ratherthan , andthenreconstructiotis performedas
usual.Clearly, standardizatiohasanenormousffecton
the quality of the results. Raw pixel coordinatescorre-

Point Reprojection Error vs. Image Normalization
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Figure 3: Theeffectof imagecoordinatade-standardizatioan
pointreconstructiorerror.

spondto a scaleof 100+200andgive errorshundredsor
thousand®f timesworsethanwell-standardizedoordi-
nates. Therapidincreasen errorat scalesbelow0.1is
causedy increasingruncationerror.

Fig. 4 illustratesthe advantagesf usinga projective
reconstructioomethodratherthananaf®neone. Clearly,
for acameradriving aroundthe scenetheaf®neapproxi-
mationintroducesasigni®canamounof systematierror
evenfor quitedistantscenesGiventhis, it maycomeasa
surprisehattheaf®nemodelis extremelyaccurat@nefor
asideways-lookingameralriving straightpastthescene,
no matterhow close. This is becauseve areusingpro-
jectivealignment:wheneveall of thecamerasharethe
samefocal plane(ashere),this planecanbe mappedo
the planeat in®nity by a suitableprojectivetransforma-
tion, sothatall of the cameradecomeeffectively af®ne
andthe af®neapproximatioris projectivelyexact . Note
thatall of the projectivemethodsarestableandaccurate
evenfor verydistantscenesEvenin thesecasestheonly
realadvantagef theaf®nefactorizationrmodelis thefact

More generallyfor any setof camerasvhoseoptical centredie in
aplane(e.g.anythreecamerasarobotwith a®xedheightheadmoving
onaplane,anaircraftatconstangltitude,..), thereis somesetof world
andimagehomographiethatmakestheviewing geometryaf®ne.



Point Reconstruction Error vs. Scene Distance (Orbiting)

. fixed-rank ——
16 QYD e
pS iterative SVD s
8 SVD-+L-M
R - affine SVD -+---
g 4 \
o 2
&) N
& 1 :
.
0.5
0.25 gy =
0.125
2 4 8 16 32 64 128 256
scene distance
Point Reprojection Error vs. Scene Distance (Orbiting)
2
fixed-rank ——
SVD -+
16 a iterative SVD =
SVD + L-M -
= 8 affine SVD _-+---
Q
X “a
3 N
S 4 .
5] h
Q 2 -
1 - -
0.5
2 4 8 16 32 64 128 256
scene distance
Point Reconstruction Error vs. Scene Distance (Passing)
5
0.45 fix ed-gsgﬂs e
0.4 iterative-SVD. -a-:-
SVD + L-M -
0.35 affing SVD ~=u===
£ 03
—_ .. RK*)—Q/‘*\@———(F\%
=] S -
2 0.25 Proefrpegg
(3] B S
[a) 0.2
™
0.15
0.1
0.05
0
2 4 8 16 32 64 128 256

scene distance

Figure 4. Point reconstructiorerror vs. scenedistancefor
af®neandprojectivefactorizationmethods.For a cameradriv-
ing aroundthe scenethe af®nemodelintroducesa signi®cant
amounf distortionoutto abouts0+10Qtimesthesceneaadius.
Howeverfor asideways-lookingameralriving straightpasthe
scenghe af®nemodelis projectivelyexactevenfor very close
approaches.

thatit is 2t4timesfasterto run.

We havealsorunthepoint-basealgorithmsonseveral
point sequencesxtractedrom realimages.Without the
groundtruthit is hardto be precise put the ®nalaligned
reconstructionseemqualitativelyaccurateandin good
agreementvith theresultsobtainedusingsyntheticdata.
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6 Discussion& Conclusions

Within the limitations of the factorizationparadigmthe
factorization-basegrojective reconstructiontechnique
for points seemsvery successful. The methodsstudied
haveprovedaccurate stable,simpleto implement,and
fairly quickto run.

For lines the situationis lessclear For non-singular
viewinggeometrieshereprojectiorerrorfor themajority
of linesis small, but thereare oftena few outliersin the
data. However asthesealwaysturn out to be lineswith
nearlysingularreprojectionghatareby naturevery sen-
sitive to small perturbationsthe 3D reconstructiongre
probablybetterthanthe 2D dataindicates.In anyevent,
the currentimplementatiorfor linesis very preliminary
andmorework is requiredto fully assesshe quality of
thereconstructionandreducethe effectsof theoutliers.

The ®xed-rankfactorizationmethodworks well, al-
though(asmightbe expected}he SVD alwaysproduces
slightly moreaccurateesults.Practically the savingsin
run time over the SVD are modestfor small problems,
howeverfor larger problems(say more than 50 images
and100points)theycanbecomevery signi®canindeed.

As far asfuturework is concernedtheimmediatepri-
ority isto improvetheline reconstructiomlgorithm.Past
experiencesuggestghat trivalent tensorbasedtransfer
will probablyprovesigni®cantlynorerobustthanthecur-
rentfundamentamatrix basednethod.Pointreconstruc-
tion methodsbasedon redundanfundamentaimatrices
andon higherordermatchingtensorsalsoneedto bein-
vestigatedalthoughtherelativelysmalldistancebetween
theresultsof thecurrentpoint-basedactorizationrmethod
andthoseof the “optimal' nonlinearleastsquaressolu-
tion suggestshat thereis not muchscopefor improve-
menthere.

Somethingakin to Tomasiand Kanades “datahallu-
cination' is neededo allow the methodto be testedon
real-worldproblemsalthoughin thelongertermit would
bepreferabldo ®ndsomeess-hallucinatorfactorization
methodfor sparsedata. To producea complete3D re-
constructiorsystemavisualfrontend(featureextraction
andmatching robustmatchingtensorestimation,..) and
abackendcapableof handlingconstraint®ncameracal-
ibration(e.g.identicalcamerasandscensstructurgmet-
ric information,alignment)would alsoneedto beadded.
Currently the preferredvay to handlesuchconstraintss
just to pile everythinginto a big nonlinearleastsquares
optimization[5, 10].

Ultimately, more generalprojective depth basedre-
constructiormethodsare required,that allow imagesor
pointsto beaddedncrementallyandthatincorporatdull
statisticalerror modelsof the imagedata. Howeverat
presentt seemsunlikely thatthesewill beexplicitly fac-
torizationbased.

In summaryprojectivestructureandmotioncanbere-



coveredrom multiple perspectivémagesof ascenecon-
sistingof pointsandlines,by estimatingfundamentama-
trices and epipolesfrom the imagedata, using theseto
rescaldheimagemeasurementandthenfactorizingthe
resultingrescaledneasuremennatrix usingeitherSVD
or afastapproximatdactorizationalgorithm.
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